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HOCHSCHILD-PIRASHVILI HOMOLOGY ON SUSPENSIONS AND 
REPRESENTATIONS OF Out(F n ) 


VICTOR TURCHIN AND THOMAS WILLWACHER 


Abstract. We show that the Hochschild-Pirashvili homology on any suspension admits the so called Hodge splitting. 
For a map between suspensions /: ZF —> XZ, the induced map in the Hochschild-Pirashvili homology preserves this 
splitting if / is a suspension. If / is not a suspension, we show that the splitting is preserved only as a filtration. As a 
special case, we obtain that the Hochschild-Pirashvili homology on wedges of circles produces new representations of 
Out(F„) that do not factor in general through GL(«, Z). The obtained representations are naturally filtered in such a way 
that the action on the graded quotients does factor through GL(w, Z). 


0. Introduction 

The higher Hochschild homology is a bifunctor introduced by T. Pirashvili in l28l that to a topological space 
(simplicial set) and a (co)commutative (co)algebra assigns a graded vector space. Informally speaking this functor 
is a way to “integrate” a (co)algebra over a given space. Specialized to a circle the result is the usual Hochschild 
homology. The precursor to the higher Hochschild homology was the discovery of the Hodge splitting in the usual 
Hochschild homology of a commutative algebra HI Ell. Indeed, the most surprising and perhaps the motivating 
result for T. Pirashvili to write his seminal work l28ll was the striking fact that the higher Hochschild homology 
on a sphere of any positive dimension also admits the Hodge splitting and moreover the terms of the splitting up 
to a regrading depend only on the parity of the dimension of the sphere. With this excuse to be born, the higher 
Hochschild homology is nowadays a widely used tool that has various applications including the string topology 
and more generally the study of mapping and embedding spaces If28l IT1 l2l [L5l l25l l26l l30l l3Tl . It also has very 
interesting and deep generalizations such as the topological higher Hochschild homology Il8l l29l and factorization 
homology 003 El (23. 

In our work we study the very nature of the Hodge splitting. In particular we show that it always takes place 
for suspensions. Moreover, it will be clear from the construction that only suspensions and spaces rationally 
homology equivalent to them have this property. For any suspension EY, the terms of the splitting depend in 
some polynomial way on H* *EY, which in particular explains Pirashvili’s result for spheres. We also show that if 
a map /: EY —» EZ is a suspension, than the induced map in the Hochschild-Pirashvili homology preserves the 
splitting and is determined by the map /*: H*EY —> H*EZ. In case / is not a suspension, the Hodge splitting is 
preserved only as a filtration. We explain how the induced map between different layers is computed from the 
rational homotopy type of /. 

We treat more carefully the case of wedges of circles and discover certain representations of the group Out(F„) 
of outer automorphisms of a free groujfi that have the smallest known dimension among those that don’t factor 
through GL (n, Z). 

Notation. We work over rational numbers Q unless otherwise stated. All vector spaces are assumed to be vector 
spaces over Q. Graded vector spaces are vector spaces with a Z-grading, and we abbreviate the phrase “differential 
graded” by dg as usual. We generally use homological conventions, i.e., the differentials will have degree -1. We 
denote by gVect and dgVect the category of graded vector spaces and the category of chain complexes respectively. 
For a chain complex or a graded vector space C we denote by C[k\ its k -th desuspension. 

We use freely the language of operads. A good introduction into the subject can be found in the textbook l22l . 
whose conventions we mostly follow. We use the notation !P{k) for the k-fold operadic suspension. The operads 
governing commutative, associative and Lie algebras are denoted by Com, Assoc, and Lie respectively. By Com + 
we denote the commutative non-unital operad and by coLie the cooperad dual to Lie. 

For a category C, we denote by mod-C the category of cofunctors C op —> dgVect to chain complexes. The 
objects of mod-C will be called right C-modules. In the following section, C is either the category F of finite 
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pointed sets or the category Fin of finite sets. Abusing notation we denote the set {1,..., k] by k and the set 
{*, 1,..., k) based at * by k,. We will consider the following examples of right T and Fin-modules: 

• For X some topological space we can consider the Fin-module sending a finite set S to the singular chains 
on the mapping space CJX S ). We denote this Fin-module by CJX'). 

• Similarly, to a basepointed space X, we assign a T-module CJX') sending a pointed set S , to C»(X*'), 
where now X. is supposed to be the space of pointed maps. 

• To a cocommutative coalgebra C we assign the Fin-module sending the finite set S to the tensor product 
C' AS = (x) v<;V C. We denote this Fin-module by C®*. If not otherwise stated we assume that C is non- 
negatively graded and simply connected. 

• If in addition M is a C-comodule (e.g., M = C) one can construct a T-module M ® C®* such that S * hh> 

M <g> ® SG s,\(») C- 

• Dually, if M is a module over a commutative algebra A, then M®A®* is a left F-module, and its objectwise 
dual (M <g> A®*) v is a right T-module. 

A topological space is said of finite type if all its homology groups are finitely generated in every degree. 

Two spaces are said rationaly homology equivalent if there is a zigzag of maps between them, such that its 
every map induces an isomorphism in rational homology. 

The completed tensor product is denoted by <g>. 

Main results. In the paper for simplicity of exposition we stick to the contravariant Hochschild-Pirashvili homol¬ 
ogy that is to the one assigned to right Fin and T modules. One should mention however that all the results can be 
easily adjusted to the covariant case as well. 

There are two ways to define the higher Hochschild homology. In the first combinatorial way, for a space 
X (respectively pointed space X,) obtained as a realization of a (pointed) finite simplicial set X .: A op —> Fin 
(respectively X.: A op —> F), the higher Hochschild homology HH X (L ) (respectively HH X JL „)) can be computed 
as the homology of the totalization of the cosimplicial chain complex L o X : A —» dgVect (respectively L, o 
X *: A —> dgVect ).0 

In another definition, for a right Fin-module L (respectively right T-module LJ) and a topological space X 
(respectively pointed space X»), the higher Hochschild homology that we also call Hochschild-Pirashvili homology 
HH X (L) (respectively HH X JLJ) is the homology of the complex of homotopy natural transformations C JX') —> 
L (respectively CJX'J) -> LJ) Cg]fl6l . 

The fact that the two definitions are equivalent is implicitly shown in the proof of l28l Theorem 2.4] by Pi- 
rashvili, see also lfl6l Proof of Proposition 4] and If30l Proposition 3.4]. 

In case L = C®* (respectively L — M <g> C®*), we denote the higher Hochschild homology as HH X (C) (respec¬ 
tively HH X JC, M))0 

In our paper the combinatorial definition will be used only for wedges of circles as we want to treat this case 
more explicitly. Later in the paper we show that for wedges of circles the first and the second definitions produce 
identical complexes. 

Any map / : X —> Y (respectively basepoint preserving map X, —> YJ) induces a map /* : ////’ (L) —» HH X (L) 
(respectively HH Y JLJ) —» HH X JLJ). Two homotopic maps (respectively basepoint homotopic maps) induce the 
same map in higher Hochschild homology. It is also clear from the (first) definition that in case / is a rational 
homology equivalence, then the induced map /* is an isomorphism. One has a functor u : T —» Fin that forgets 
the basepoint. If X = X, and L t - L o «, then 

(1) HH X (L ) = HH x ’(Lj. 

In case we take X and X» to be a wedge of n circles V„S 1 , the automorphism group Aut(f „) acts on V„S 1 up to 
homotopy by basepoint preserving maps and hence we obtain a representation of Aut(f „) on //// v,s (LJ). Simi¬ 
larly, the outer automorphism group Out(f„) acts on V„.S" 1 up to homotopy and hence we obtain a representation 
of Out(T„) on HH Vl,s ( L ). While this result should at least morally be known to experts, the representations of 
OutlF,,) arising in this manner seem to have received little attention in the literature. We will study a few special 
cases. The representations that we obtain inherit an additional filtration (the Hodge or Poincare-Birkhoff-Witt 
filtration) such that the associated graded representation factors through GL(«, Z). We show that in general the 
representations of Out(T„) thus obtained do not factor through GL(«, Z), but are nontrivial iterated extensions of 
GL (n, Z) representations. 


“This definition can also be adjusted to realizations of any simplicial sets non-necessarily finite by using the right Kan extention of L 
(respectively L*) to the category of all (pointed) sets ED 

■^This particular case of higher Hochschild homology is also called topological factorisation (or chiral) cohomology, see for example EE). 
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In particular, it is an open problem to determine the lowest dimensional representations of Out(F„) that do not 
factor through GL (n, Z)0 A lower bound has been obtained by D. Kielak Ifl9l . who showed that the dimension 
must be at least 

n + 1 
2 

For n = 3 the lower bound was refined to 7 (instead of 6) ESI. We obtain an upper bound as follows. 

Theorem 1. For n > 3, the representations ofOut(F„) on HH V " S ' (C(g)), where C(g) is the Chevalley complex 
of a free Lie algebra g = FreeLie(.r) in one generator x of odd degree, contain a direct summand representation 
which does not factor through GL (n, Z) and has dimension 

n(n 2 + 5) 

6 ' 

In particular, for n = 3 this representation saturates the lower bound 7 obtained in [20J. 


The previously known representations with such property have the smallest dimension 21 for n — 3 and 


for n > 4, see nsi Section 4], and also 0H2). 

The higher Hochschild homology on spheres was introduced and studied in the original work of Pirashvili Il28l 
and on wedges of spheres it was studied in If30l [3H in connection with the homology and homotopy of spaces of 
higher dimensional string links. An interesting feature of this homology is that it admits a decomposition into a 
direct product, and the factors of this Hodge splitting depend only on the parity of the dimensions of the spheres. 
In particular, if we know HH V,,S (L, ) with the Hodge decomposition, we can reconstruct //// v " s ( L, ) for any other 
odd d. On the other hand, the homotopy type of a map V„S d —> V„S d , d > 2, is completely determined by the 
map in homology. Therefore, HH V ’ ,S (L„), d > 2, is acted upon by the monoid End(Z") of endomorphisms of Z". 
For d — 1 , we get an action of the monoid End(F„) of endomorphisms of a free group F„. In Section [3] we define 
a certain explicit complex CH' /nS (L, ) computing IIH JnS (L,). 

Theorem 2. For any Y-module L t , the action of End (/•’„) on II Il' /,s ' (L.) is naturally lifted on the level of the 
complex CH XnS (L,). Moreover this action respects the Hodge splitting as an increasing filtration, and the action 
on the associated graded complex grCH VnS (L,) factors through End(Z"). 

We will see in Section[4]that as an End(Z") module, gr HH J " S ' (L t ) is (up to regrading) naturally isomorphic to 
HH W, ' S \L ,) for any odd d > 3. 

The fact that the End(F„) action above respects the Hodge filtration is actually a manifestation of a more general 
phenomenon. We show in Section [4] that the Hodge filtration in HH X '(L,), that can also be called Poincare- 
Birkhoff-Witt filtration, is defined functorially in X, and L,. This filtration is an interesting phenomenon in itself 
that does not seem to appear earlier in any kind of functor calculus. In particular, the Hodge filtration should not 
be confused with the cardinality or rank (co)filtration considered, for example, in 1131 1181 . and inspired from the 
manifold functor calculus f35l . see Subsection l4.3l In that subsection we also explain in which sense the Hodge 
filtration in the Hochschild-Pirashvili homology on suspensions is exhaustive: it is dense in the topology induced 
by the cardinality cofiltration. 

TheoremEJcan be “categorified” to all suspensions and maps between them. More specifically, let Top* denote 
the category of pointed topological spaces with morphisms homotopy classes of pointed maps. Let Top , |x denote 
its full subcategory whose objects are suspensions. By E(Top,) we denote the image category of the suspension 
functor L: Top, —> Top,. Notice that any suspension is rationally equivalent to a wedge of spheres (9j Theo¬ 
rem 24.5], Thus, for the sake of concreteness and slightly simplifying the matters, the reader can think about the 
category Top„|v as about the full subcategory in Top, of wedges of spheres of possibly different dimensions > 1. 
The following theorems generalize Theorem[2]on this category Top,|x. 


Theorem 3. For any right T-module L. t , the cofunctor IIII 1 ] (L t ): Top, op —> gVect admits an increasing filtration 
generalizing the Hodge filtration on HH V,,S (L*), such that the completed associated graded functor gr HH^\Lf) 
restricted on Top,| factors through the reduced homology functor H t : Top, —> gVect. Over'Ll Top,), this filtra¬ 
tion splits in the sense that one has a natural isomorphism HH ( ~\Lf) b(Top,) gr HH^f Lf) b(To P ,)- 

In Section0we construct a cofunctor CH ( ~ J (L,): (Top,Is) 07 ’ —> dgVect. 

Theorem 4. The cofunctor CH 1 HLI): (Top,|s) op —> dgVect has the following properties 


7 One assumes n> 3 as ()ut(/ 7 2 ) = GL(2, Z). 
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• H, o CH<">(£,) = HH ( -\L*). 

• The complex CH V " S (L„) is identical to CH W " S (L„). 

• This functor admits an increasing (Hodge) filtration compatible with the Hodge filtration in homology. 

• The completed associated graded functor gr CH *factors through the reduced homology finctor 
II,■ Topji -» gVect. 

• Over X(Top„), the Hodge filtration in CH (_) (L„) splits in the sense that one has a natural isomorphism 

CHM(L*)| x(T0 p,) -» grCHW(L t )| S(T op,). 

More concretely when we say that the functors gr HH ( ~fL*): Topji —> gVect and grCH (_, (L*): Top.|v —» 
dgVect factor through H,: Topols —» gVect we mean that for any pointed space Y t , both gr II ll 1Y XL r ) and 
gr CH if, (T») can be described as a power series expression in HfLYp. 

(2) grHH* Y '(L«) = ]“[ Horn , ((tf,XT,)®", r H,Jn )), 

n 

(3) grCH zy *(L«) = Y] Horn „ 

n 

where Cl, is some symmetric sequence in chain complexes depending on L„, and 'H/ t is its homology symmetric 
sequence. The fact that the Hodge filtration splits over X(Top„) means that we have isomorphisms 

(4) CH zy *(L«) —♦ gr CH sy *(L*), 

(5) HH^’iH) —-» grHH^fLfi 

natural in XT* e X(Top*). The n-th term of the Hodge splitting is exactly the n-th factor in (0 and 0. (This split¬ 
ting also means that the higher Hochschild complexes for suspensions split as a product of complexes.) In case a 
pointed map /: X Y, —> XZ» is not a suspension, the Hodge splitting in the higher Hochschild complexes/homology 
(via isomorphisms 0-0) behaves like a filtration: higher terms of the splitting can be send non-trivially to lower 
ones. In Section[6]we compute how from the given rational homotopy type of a map of suspensions one gets the 
induced map between the terms of the splitting. We also demonstrate this on some examples, such as the Hopf 
map S 3 —> S 2 and a non-trivial pointed map S 2 —> S 2 V S 1 . 

Some of the techniques that we develop for suspensions work equally well for general spaces. In Section |T] 
we briefly consider this general case of non-suspensions. Theorems 06] and Proposition 17.41 describe these more 
general higher Hochschild complexes in the case L* = M ® C®* as some kind of homotopy base change type of 
Chevalley complexes. In this section we also show that for a connected pointed space X * (of finite type) the Hodge 
filtration splits for any coefficient T module L, if and only if X, is rationally homology equivalent to a suspension. 

Acknowledgements. We thank G. Arone, B. Fresse, G. Ginot, and D. Kielak for helpful discussions. V.T. thanks 
the MPIM and the IHES, where he spent his sabbatical and where he started to work on this project. T. W. has been 
partially supported by the Swiss National Science foundation, grant 200021.150012, and the SwissMAP NCCR 
funded by the Swiss National Science foundation. 

1. Special case of End (F„) action 

In this section we look at the special case L* — M <g> C®*, where C is a cocommutative coalgebra and M a 
C-comodule as before. If not otherwise stated we will always assume that C is simply connected. We will define 
a complex CH VnS (M <g> C®*) and an End(E„) action on it. In Section |3] we explain why this complex computes 
HH V,,S '(M ® C®*) = IIH' /nS ' (C. M) and why the EruKf „) action that we define corresponds to the topological 
action. Define CH WnS ' (M® C®*) as M® (OC)®", where Q.C is the cobar construction of C — as a space it is a free 
associative algebra generated by C[l], The differential 

(6) d — dM + d(L + 6, 

where dM and dc are induced by the differentials on M and OC respectively and 

dim (g> b\ <8 ... <8 b„) = ^ ^ ±nf 8 ... 8 [m", bj] 8 ... 8 b n , 

j 

where we used Sweedler’s notation; + is the Koszul sign due to permutation of m” with /?,■’s. 

We can assume without loss of generality that C = C(g) is the Chevalley complex of a dg Lie algebra g 
concentrated in strictly positive degrees. (If not, take for g the Harrison complex of C.) As a cocommutative 
coalgebra it is freely cogenerated by g[—1 ]. In the latter case the aforementioned complex is quasi-isomorphic to 
M 8 (77g)®" , where IT g is the universal envelopping algebra of g, with differential 

(7) d — dM + d§ + 6, 
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defined similarly: d M and c/ g are induced from the differentials on M and g and 

6(m ® b \,..., b „) = EE +m ® b\ ® ... ® [n(m"),bj] ® • • • ® b n , 

j 

where n : C(g) —» g is the projection to the cogenerators. 

The action of End(F„) on M ® ('ll g)®" and M ® (QC)®" is described by the same formulas. Both 'Z/g and OC 
are cocommutative Hopf algebras. In Sweedler’s notation the iterated coproduct is written as 

A k b = Yj b ( 1 x ® b {1) ® ... ® 

Since the coproduct is cocommutative, we will be writing instead 

&-*- 1 ® ® ... ® 

Let 'F e End(F„) send 

(8) Xi i-> X®" ■ ■... ■ x s £ kt , i= 1... n, 

where e, ; - = ±1, 6 {1...«}. We let /e {0,1} and define 

/? A:,- 

(9) x Y*(m ®b\®...® £>„) := m ® ^ ± (^) J”^ 

i=l f=i 

where the sign + is the Koszul sign arising from the factors permutations, .v is the antipod. 


Example 1.1. (a) n = 1; xi i-» (xi) 2 . 
(b) n — 1; xi x~ l . 


T , *(»i ® b) — m ® ^ b' ■ b". 
V F *(m ® b) — m ® s(b). 


(c) n = 2; xi t-» xi • X 2 , X 2 t-» X 2 . 

V F*( m ® b\ ® bf) = w ® ^ ■ b' 2 ® 

Proposition 1.2. The formula ((9]» defines the right action ofEnd(F„) on the complexes M®{fU g)®" anc/ M®(QC)®". 


Proof. To see that 'F' is a morphism of complexes we notice that it commutes with each term of the differentials © 
and (0: it commutes with dM by obvious reasons; it commutes with d 9 since both product and coproduct of 'U g 
are morphisms of complexes; it commutes with d since both product and coproduct respect the g action. 

For the composition, it is quite easy to see that ( V F[ o Ty* = v Fj o 'Fj, where the composition v Fi o 'F 2 is 
understood as substitution without simplification. We only need to check that in case ( v f'i o TSHx,) has two 
consecutive factors Xj and xj 1 for some i, then ( V F| o V F J 2 f is the same as if these factors are cancelled out. But 
in such case, ('Fi o x Y 1 y(m ® b\ ® ... ® b n ) also has two consecutive factors b { ' ] and s(b x ‘ ] ), which can also be 
eliminated: 

Y bf • s^p) ® (b^f *=i ® = 1 ® Akb i =y ■ s( ^* )) • b T ® ( b yf k - 

□ 


1.1. Hodge decomposition/filtration. The Poincare-Birkhoff-Witt isomorphism S g —> 11 g respects both the 
coalgebra and g action structures. As a corollary, the induced map 

M®(S g)®" -» M®(<Z/g)®" 

is an isomorphism of complexes. The image of the subcomplex M ® S'"' g ® ... ® S m " g in M ® f'ZYg)®" is called 
(mi, ..., m„) Hodge multidegree component, whose total Hodge degree is m = m\ + ... + m„. One has 

0 M®S mi g® - M ® S m (H l ® g), 

m\+...+m n =m 

where H x := H x (W n S ', Z) = Z" viewed as a space concentrated in degree zero. Below H i := H\(V n S l , Z). 

Proposition 1.3. The action of End( F„) on M ® (Hq f" presents the total Hodge degree as a filtration. The 
induced action on the associated graded complex gr M ® (Kf)®" factors through Endf/fj) = EndfZ") as one has 

gr M ® (Hqf n = M®S(H l ® g). 

This proposition is a particular case of Theorem[2] 
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Proof. The Hodge filtration is preserved because both the product and coproduct of 14a, preserve the Poincare- 
BirkhofF-Witt filtration. Notice also that if we apply ([y} to define an End(F„) action on M®(S g)®", we get exactly 
M ffi (5 g)®" = M ®S (H 1 ffi g) as a right End(F„) module. □ 

Remark 1.4. It will be shown in Subsection l4.1l (see Remark [4. 61 that for any pointed space Y, of finite type, the 
Hochschild-Pirashvili homology HH XY, (C( g), M) is computed by the complex 

M®S(H*Y*®c i ), 

where H*(Y ) is the reduced cohomology of Y viewed as a negatively graded vector space. The differential has the 
same form ©0 


2. Out(F„) REPRESENTATIONS. PROOF OF ThEOREmQ] 

Recall isomorphism ©, which in particular implies that in case M - C the action of Aut(F„) on //// v " s 1 (C, M) = 
HH j " s (C) descends to an Out(F„) action. Recall also that according to Proposition II. 31 the higher Hochschild 
homology //// v " s (C, M ) carries a Hodge filtration such that the action of Aut(F„) on the associated graded factors 
through GL(n, Z). In other words, all Aut(F„) and Out(F„) modules obtained in this manner can be obtained by 
iterated extension of GL(«, Z)-modules by GL(n, Z)-modules. 

2.1. Example 1: Polynomial coalgebras. If C = Q[xi,..., x„] is a cofree cocommutative coalgebra (in poten¬ 
tially odd generators), we have g = <fi Q ffi ■ ■ • ffi as abelian Lie algebra, where the generators £/ are degree 
shifted by one unit with respect to the generators Xj. In this case the Hodge grading is preserved by the Aut(F„) 
action (because 14a, is commutative) and hence all representations obtained factor through GL (n, Z). Since the 
differential on C ® (14q) m vanishes the higher Hochschild homology is just 

HH' / " S '(C) = C®S(H 1 ® g) 

with the Out(F„) action factoring through GL(n, Z) = GL(H \), which acts by the standard action on Z" = H x . 

2.2. Example 2: Dual numbers. Consider the coalgebra of dual numbers Q © xQ, where x is a primitive co¬ 
generator of even degree. The (Koszul) dual Lie algebra is the free Lie algebra in one odd generator A i.e., 
g = f Q ffi [i;, £]Q. Then the associated graded of CH V,,S (C ® C®*) may be identified with 

gr CH W " S ‘(C ® C®*) = C ® S (H ]1 ® g) s C ® Q[^,..., &, m ,..., 77 ,,]. 

Here ijj corresponds to f on the /-th circle and r \ ; corresponds to q - [f, tf] = If 1 on the j -th circle. Notice that 
ad^{f) = rj and ad ft]) = 0. The complex has length 2: 

0 <- 1 ® <Q[£i,. .,//«]<—x® Q[^l, ...,f n ,T]i,...,r] n ] *- 0 . 

The differential is defined such that 

n 

d(x ® P(fu ■ . ■ ■ . . ,r/n)) = ^ 1 ® ad^Pifi, ■ ■ ■ ,&, m , ■ ■ ■ , l]n) = 

j =1 

n a 

Z o 

l ®> Tjj-^-Pifl, . ■ ■ . ,Tln) 

j= 1 

The differential can be identified with the de Rham differential on an n -dimensional odd vector space, identifying 
Tjj with d c \Rfj. One can identify the corresponding representations of GL(«, Z). Namely, if we fix in the associated 
graded the Hodge degree to be m, then the corresponding representations of GL(n, Z) one obtains correspond to 
partitions of the form m = { + 1 + • ■ ■ + 1. To be precise the homology is the sum U 1 ffi il", where U 1 = coker d, 
U n = ker d. The part of degree k in £ and f in // is sent by d to the part of degree k — 1 in £ and f + 1 in //: 

0 <- h k ~ x H l ®S e+1 H 1 <^—A k H l ®S e H l <- 0. 

The GL(ii) module A k H l ®S f H l is a direct sum of 2 representations encoded by partitions (£ + k) = { + 1 + ... + 1 
and {( + k) = (f + 1) + 1 + ... + 1. We conclude that the kernel of d in this bigrading is and the cokernel of 
d is V t f + 2 .v : 2 j- The bigrading by f and ii is preserved in C ffi (14 g)®" only as a filtration. Instead one can consider 


^Unless certain convergency properties are satisfied, S (—) should be undersood as a completed symmetric algebra, i.e. a direct product 
n,„>oS m (-) rather than a direct sum. Similarly the tensor product should be understood as the completed tensor product with respect to the 
homological degree of g. 
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the total £ grading by assigning 1 to each £ and 2 to each rj = [£, £]. The component U' N ffi U 1 ^ in the homology of 
total £ degree N is a filtered space, whose associated graded is 

% rU N = (J) v (.e,i k )> g rU N = (J) 

2(+k=N+l 2 (+k=N 

For both U 1 and U u the Hodge degree of V {f ^k } is C + k. 


2.3. The lowest non-trivial example worked out. Let us consider the first Out(A„) representation obtained by 
the above methods that does not factor through GL(n, Z). It is obtained as the cokernel of the differential in the dual 
numbers example above for n = 3 and the total £ degree 3. It was denoted by U 1 , in the previous subsection.The 
representation is 7 dimensional. As in Subsec tion l2.2l one sees that the associated graded representation splits into 
two GL(3, Z) representations 

grU 3 = V( 2 ) ® V(i,i,i). 

In other words, is an extension 

0 -» V( 2 ) -» U[ -+ Vfi.i.i) -»o. 

A representative of the cohomology class in HC V,S (C ) spanning the Fi.i.i) part is 

e 1 £< 8 >£. 


Representatives forming a basis of Vq) are 

= 1 ®[££|® 1 ®£ 

= 1 ® [£ & ® 1 ® 1 
= 1 ® 1 ® 1 ® [£, £]£. 


/1 
h 

A 


= i ® L£, $1 ® s ® t = -1 <x> $ w L$, t 
= 1 ® 1 ® [f, %] ® £, 

= 1 ® 1 ® \£.£\£ ® 1 


J2 

u 

A 


2.4. The proof of Theorem [T] More generally let us consider representation U\ of Out (A,,) for arbitrary n > 3. 
We claim that this representation satisfies the requirements of TheoremQ] i.e., it does not factor through GL(n, Z) 
and it has dimension n(n +5 ' > . 

O 

Indeed, as in Subsection 12.31 we can identify the associated graded representation under the Hodge filtration 
with 

grU 3 = V(2) ffi V(i,i,i) 

where V( 2 ) and V(i,i,i) are the irreducible representations of the linear group GL(n) corresponding to the partitions 
(2) and (1 + 1 + 1). Hence we find that indeed 

, n(n + 1) 

dim f/ 3 = dim V( 2 ) + dim F(i,i,i) =---f 

Next, we check that the representation does not factor through GL(ii). Consider An, Ajj € Out(A„) that send 


(n^ n(n 2 + 5) 

\3 j = 6 


En(xd = 


X\X2, 

Xi, 


i = 1 ; 
otherwise; 


En(x,) 


\X2X\, i = 1 ; 
lx,-, otherwise. 


We will show that the action of An is different from that of A;j in the representation L’[ for n > 3. Indeed, 
choosing basis vectors as in Subsection l2.3l we find that 

An-(1,= 

while 

An ■ (!>£,££> 1,..., 1) = (1,£,£,£, 1,..., 1) - ^(1, 1,^, 1,..., 1). 

To recall is the cokernel of d. Thus we need to verify that (1, [£,£], 1,£ 1,..., 1) e Q ffi (.S - g)®" is not in the 
image of d. As we have seen in Subsection 12.21 d is the de Rham differential which is acyclic on non-constant 
polynomials in £/ and rjj, thus we only have to check that the corresponding polynomial is not de Rham closed: 
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2.5. Bead representations. Generalizing the example of dual numbers we may consider the coalgebra 

Cn — Q 0 xiQ 0 X 2 Q 0 ... 0 xatQ, 

where the cogenerators x, are of even degrees and primitive. The Koszul dual Lie algebra is again free 

g = FreeLie(£\,...,£ N ). 

There is a Z' v grading on C,v and a representation of S,y, and hence a similar grading and action on the higher 
Hochschild homology //// v " s (C, v ). We may introduce a representation of Out(T'„) for every irreducible represen¬ 
tation Va of S,v labelled by a partition A of N: 

U A = HH W " S '(C N ) X . 1 7 ® N 

Here the superscript (•)*. 1 shall mean that we pick out the piece of Z^-degree (1,..., 1). We will call U,\ the bead 

representation of Out(F„) associated to the partition A. Notice that the obtained complex is again of length 2. 
Thus we have again U\ = U \j © where U\ is the cokernel of the differential and U 1 / is the kernel. We will call 
U\ the bead representation of first type and U 1 * the bead representation of second type. [] 

Open problem: Describe Ua- In particular, what are the dimensions dim{U^ u )l If we decompose the associ¬ 
ated graded grU a into irreducible representations of GL (n, Z) (actually GL(n, [R)) 

grU,\ = 

which partitions p occur in the direct sum, with what multiplicity? 


3. Complexes CH w " s ' (L„). Proof of Theorem[2] 


Recall that in case the space X (respectively pointed space X*) is obtained as a realization of a (pointed) 
finite simplicial set X .: A op —> Fin (respectively X .: A op —» T), the higher Hochschild homology HH X (L ) 
(respectively HH X, (L „)) can be computed as the homology of the totalization of the cosimplicial chain complex 
L o X: A —* dgVect (respectively L, o X, : A —> dgVect ). The same construction works for realizations of 
bisimplicial (and more generally multisimplicial) sets. Indeed, if X.. is a bisimplicial set, then its realization |AA. 
is homeomorphic to the realization |diag (X,.)\ of its diagonal simplicial set. On the other hand, one also has the 
Eilenberg-Zilber quasi-isomorphism 

EZ 

(10) Tot(diag L o X..) —>Tot(L o X..), 


As the first complex computes the Hochschild-Pirashvili homology of |diag (VY..)I = |A'..|, so does the second. 

Now notice that the complexes M ® (DC)®" can be obtained as totalization of an n-multicosimplicial chain 
complex (rather than just cosimplicial). (In fact its diagonal totalization is M ® O (C m ).) The corresponding 
multicosimplicial complex is obtained as the composition of M ® C®* with an n-multisimplicial model of V n S 1 . 
Let S J denote the standard simplicial model for S 1 : its set of A:-simplices consists of a basepoint * and also all 
monotonic non-constant sequences of 0’s and l’s of length k + 1. This set can be identified with k * (where i e k, 
corresponds to a sequence with i l’s). The n-multisimplicial model for V„.S’', we denote it by (V„.S - *)•... •, is 

obtained as a degreewise wedge of n n-multisimplical sets. The i-th summand of the wedge is the product of S J 
and (n — 1) constant one-point simplicial sets, with S\ appearing on the i-th place in the product. Notice that 
the {k\,k 2 ,..., k„) component of ( W„S *)•...• is the set V7=i (kd* — (ki + • ■ • + k„)*- Thus the totalization of our 


multicosimplial complex is 


(11) 

CH W " S \U) := Tot(L, 0 (y n S ').....) = 

f 

n NL s ,(Y n i= ,k i )[Y!l =] k i \,d = d\ +. 

. + d n 


s x ' 

Aki,-X) 



where 


( 12 ) 


k 


NL t (k) = Pjker.s;, 
1=1 


and s *: L(k *) —> L(k* \ {/}) is the map induced by the inclusion 


Si \ K \ {/} c k*. 


^The name stems from the fact that elements of QCn can be understood as linear combinations of configurations of beads of N colors 

arranged on a string. 

7 The representations U^ 11 considered in Subsection i2.2l correspond to U 1 ^ in the new notation. 





The action of End(F„) on Ci/ V " 5 (L*) is defined analogously as that on CH s/nS \M 0 C 0 *) = M 0 (^C) 0 ", 
see ©0 Notice that the coproduct on QC is the sum of coshuffles, and the product is just concatenation. 
Let y lie in the (k\, . . .,k n ) component of (ITT1) . and V F e End(F„) is such that Xj appears in total r ; times in 
'P(xi), 'P(x 2 ),..., 'F(x„). One has that v F*(y) is the sum of r k ' ■ rf ■... ■ rf elements each of which is obtained from 
y by some permutation of its inputs. More concretely, 'F defines a map V„.S ’ 1 —» V n S 1 such that any point on the 
f-th circle has exactly r, preimages. We put k\ points on the first circle in the target wedge, kn on the second, ..., 
k n on the last one. These points correspond to the inputs of y. For every point in the target we choose a preimage 
point (thus for the z-th circle there are r k> choices making the total of [”[" = i >'■' choices). For every such choice we 
get a collection of points on the source wedge, which contributes a summand in ¥*( 7 ), that has to be taken with 
the sign of permutation of inputs of y. 

Consider examples similar to those given in Examrile ll.il 

(a) n = 1; T'(xi) = x\. In this case, 

k, 

'F*(y(xn,...,xu,)) = E E (- | ) cr y(^(xii,...,X| A:] )). 
i =0 <reSh(i,ki—i) 

Here and below Sli(i, j) denotes the set of shuffles of an /-elements set with a /-elements set. 

(b) n = 1, 'T(xi) = x^ 1 . In this case 

{y{xu,...,x\ k J) = (- 1 ) - y{x\ kl ,...,xu)- 

(c) n = 2 ; 'F(xi) = X 1 X 2 , T'fe) = X 2 : 

ki 

1 f' , (y(xn,..., xu,, x 2 i,..., x 2 k 2 )) = Z Z (-ITyix 11 ,..., xu,, cr(xu,+i, ■ ■ ■, xu,+i, x 2 i,..., X 2 t 2 —,j). 

i =0 creSh(i,k 2 -i) 

Proposition 3.1. The action of End( F n ) on Cll v " s ' (L,) defined above coincides in the homology with the topo¬ 
logical action. 

Idea of the proof One can check that for all elements VF e Lnd(f’„) their action 'F : on CH V " S ' (L t ) can be decom¬ 
posed into a composition of maps induced by multisimplicial maps, Eilenberg-Zilber maps (ITOl) . and some natural 
chain homotopy inverses to those maps. □ 


This proposition is a partial case of Theorem[4] That’s why we choose not to give a detailed proof of it, but 
only mention that there is a proof which goes through a careful study of multi-simplical maps. (This argument is 
similar to the explicit identification of the surface product studied in lH5l .) Indeed, Theorem[4]among other things 
states that the complexes CH WnS (L*) are identical to CH V ” V (Lt), where the latter ones are constructed using 
the definition of the Hochschild-Pirashvili homology in terms of derived maps of right F modules. Moreover, 
Remark [5~4l asserts that the induced action of End(F„) on CH '”'’ (L„) is identical to the one on CH W,,S (L,) defined 
in this section. We will also see in Subsection 15. II that the reason that the FruitF„) action on //// V, v (L«) can be 
lifted on the level of chains is the coformality of the induced End(,F„) action on the O-module C*((V„5' 1 ) A *)0 


Proof of Theorem\2\ At this point we only need to explain what is the Hodge splitting in CH J " S ' (Lt), why it is 
preserved by the Fruit L„) action as a filtration, and why on the associated graded complex gr Cll J " s (L,) this 
action factors through End(Z"). 

In case n = 1, i.e. for the usual Hochschild complex CH S (Lt), the Hodge splitting is obtained by noticing 
that the action of End(,Fi) = (Z, *) splits this complex into a direct product of spaces numbered by non-negative 
integers, such that on the m-th component r e (Z, *) acts as multiplication by r mm. The projection on the 
»r-th component is called m-th Euler idempotent e m . Notice that each component NL.,(()[((] of the complex 


CH s '(L t ) = Tot(L, 


°S l .) = 


\ 

[~[ NLt(tm,d 


\{>o 




is acted on by S { and thus by the group algebra Q[S/-]. The Euler idempotent e m (L) is obtained via this action and 
is in fact an element of Q[Sf]. To give a bit more insight, one has an isomorphism of symmetric sequences: 


Com o Lie —* Assoc, 


^Recall that we assume that C is simply connected. If we only assume that C is connected, than the complex CH VnSl (M <S> C®*) is 
M®(fIC)®". where instead of the cobar complex we take the completed cobar and instead of tensor product the completed tensor product. 
y By this we mean that every induced map of the action is coformal, see Delmilion lS. 1 l and Proposition [Tf] 
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induced by the Poincare-Birkhoff-Witt map. The image of e m (t) is exactly 

[Com(m) o Lie] (P) c Assoc(f) = <Q[S^]. 

When n > 2, to obtain a similar splitting in Hochschild-Pirashvili homology one can use the action of the monoid 
(Z, *) x " c End(,F„) consisting of the homotopy classes of maps V„.S ' 1 —> V„.S -1 sending each circle into itself. 
The complex CH Wl,s (L*) splits into a direct product of spaces numbered by u-tuples (m i,..., m n ) of non-negative 
integers. Element (r i,..., r n ) e (Z, *) x " acts on the (ni \,..., raj component of the Hodge splitting as multipli¬ 
cation by r ™ 1 • ... • r'fi. Each (fj,.. component NL t ((\ + ... + („) of Tot(L, o (y n S ’)•... •) is acted on by 

S^| x.. .xSf n . The projection onto the (mi,..., raj Hodge component is given by e m ft\)®.. -®e mn (ff). We define 
the total Hodge degree as m = mi + ... + ni„. One can see that the action of End(/j j preserves it as a filtration. 

To see that the End(Tj,) action on grCH v " s (L,) factors through GL(n, Z), see equations ( 1221 . (l23l >. and Re- 
mark !4.7l which describe gr CH W ' ,S ' (L,) in terms of H x (V n S 1 ). □ 

4. Hochschild-Pirashvili homology on suspensions. Proof of Theorem[3] 

4.1. Complexes gr CH 11 * (L,). In this subsection we describe complexes computing higher Hochschild homology 
on suspensions HH^ Y ’(L,). These complexes depend only on HfiYf) and as we will later see in Subsection 15. II 
they can be naturally identified with the associated graded of CH si, (L»). 

One of the two reasons for the Hodge splitting in the higher Hochschild homology (on a suspension) is the 
formality of the T-module C,(Xf) in case X, = 77*. Recall that a T-module is said formal if it is quasi-isomorphic 
via a zigzag of quasi-isomorphisms to its homology T-module. Similarly, a map between T-modules is formal if 
this map is quasi-isomorphic via a zigzag of quasi-isomorphisms of T-modules maps to the induced map in their 
homology. 

Lemma 4.1. If a pointed space X t is of finite type and is rationally formal, then the right T module C*(Xl) is also 
rationally formal. If a pointed map X* —» 7, between spaces of finite type is rationally formal, then the induced 
map ofY modules C, (Xf) —> C»(7*) is also formal. 

Proof. By formality of a space we understand formality of its Sullivan algebra Ax, as augmented algebra and sim¬ 
ilarly for a map between spaces. We show explicitly the first statement. The second one follows from functoriality 
of the construction. One has a quasi-isomorphism of T-modules: 

C,().O - (A z: ) V - (Q ® AfJ * (Q ® H*(X t )®-y - HfiXl). 

□ 

Lemma 4.2. Any suspension of a space of finite type is rationally formal and, moreover, any suspension of a map 
between spaces of finite type is rationally formal. 

Recall that a map of pointed spaces is formal if the induced map of Sullivan augmented algebras is formal, 
i.e., quasi-isomorphic to the map of rational cohomology algebras (in the category of augmented algebras). In 
particular it implies that each space is formal. 

Proof. Let Y, be a space of finite type and let us show that E7» is formal. The argument for a map between 
suspensions is similar. In case 7* is connected, its suspension 77, is simply connected. It is also a co-//-space, 
therefore it is coformal and its Quillen model is a free Lie algebra generated by H,(7,) with zero differential. The 
Koszul dual commutative algebra is generated by i?*(77,) with all products of generators being zero. 

In case 7, = ]j* =1 7, is a disjoint union of k components, then 77, = (Vn S'') V (V?=i £7,) • And the wedge 
of formal spaces is formal. □ 

Notice that from these two lemmas it follows that if X t is a suspension of finite type, then C,(X') is a formal 
T-module and that the same is true for a suspension of a map between spaces of finite type. Pronosition l4.4l below 
implies that the finiteness condition can be released. 

Let O be the category of finite sets with morphisms all surjective maps. In ll27l Pirashvili defines an equivalence 
of categories 

cr: mod-T —» mod-O. 

On objects 

(13) crL,(k)=L,(k,)/+f = 1 Imr*, 
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where r*: L,{k * \ {/}) —» L„(k ,) is induced by the map r,: k, —> k,\ {/}: 


r,(j) = 


j * i; 
j = «'• 


On morphisms crL„ is obtained as restriction with respect to the inclusion i: O —» F that adds the basepoint to 
any set: i(k) = k t . Recall ( 1 1 21 ). The space cr L, (k) is isomorphic to NL, (k) via the obvious composition 


(14) q\NL*(k) ■—> LAK) —> crL„(k). 

One can show that q is an isomorphism using the map nf=i 0 ~ r* s*) that projects L,(k t ) onto NL t (k). (Notice 
that r*s*, i — 1 ... k. are pairwise commuting projectors as well as (1 - r*s*), i = 1 .. .k.) For the complexes that 
we consider below it is sometimes convenient to use NLA*) instead of cr LA*). 

Let us describe the induced O-module structure on NL,(»). The symmetric group action as part of O structure 
on NLA*) is the usual one. Denote by m,-: (k + 1) —> k the surjection 


nii(j) = 


\j, i<;<*; 

\j- 1. i + l < j <k. 

Abusing notation we denote by: (k + \ ), —> k, the same map extended as in;: * i-> *. For y e cr L,(k), one has 

(15) q- l (m*(y)) = (1 - r*s* - r* M s* +l )m*{q-\y)). 


One can write this formula slightly differently. Recall that the structure of a right O-module is equivalent to 
the structure of a right module over the commutative non-unital operad Com+, while the structure of a right F- 
module is equivalent to the structure of an infinitesimal bimodule over the commutative unital operad Com, see |j2] 
Proposition 4.9] or Il32l Lemma 4.3]. In this terms, equation (IT5l) is written as 


( 16 ) q '(y(xi ,...,xi ■ x !+ i,...,x*+i)) = q 1 (y)(xi,...,x, ■ x,+i,..., x k+l ) 

- Xi ■ q~ l (y)(x i ...xi... Xjfc+i) - x,+i • <7 *(y)(xi...x,+i...xjt+i). 

The two last summands in (IT5l) and (IT 6 l) are correction terms necessary to make the right-hand side normalized. 

The higher Hochschild homology over a pointed space X, is computed as the space of homotopy maps of 
T-modules 

HH X '(L .,) = //. (hRmod, (CJX'). L,)). 

For any pointed space X *, the cross-effect of the F-module C,(X‘) is equivalent to 

(17) crC»(X:)^C*(X?), 

see m, where the O-module structure on C.fA'f *) is induced by the diagonal maps. For any surjection p\ k -» (. 
one gets a map X* c —> X xk defined as 

(18) (xi,...x { ) (x p -m),...,x p -i (k) ). 

It follows that the Hochschild-Pirashvili homology can also be described as 

HH x '(L t ) = H, (hRmodo (CTAj*), crL.)). 

Definition 4.3. We say that a right O module M has a trivial O action if for any strict surjection p: k -» ( the 
induced map M{€) —> M(k ) is the zero map. 

Proposition 4.4. For any pointed suspension ET», the Q module C* ((2T») A *) is formal. For any pointed map 
g: Y„ —> Z», the induced map ofFl modules (Lg)*: C» ((ST„) A *) —» C» ((2Z«) A *) is also formal. 

Proof For the proof we will need that the O module C,((S ') A *) is formal and has the trivial O action in homology. 
The first statement follows from the fact that the F module C, ((S 1 )*) is formal (by Lemmas 14. 1 1 and 14.21 ) and thus 
is so its cross-effect crCTfS 1 )*) =* C,((S 1 ) A *). The second statement is straightforward as any diagonal map 
S ^ —> S k for k> t. induces the zero map in reduced homology. 

The following sequence of quasi-isomorphisms of Q modules proves the formality of C, (tXK,) A * )B 

(19) C. ((ZT«) a ‘) - C. ((5 ') A *) ® C. (Tr) - H, ((5 ') A ‘) ® C* (z A ‘) - 

=* H» ((5 1 ) A *) ® C(T t ) 0 * « H, ((S ') A ‘) ® HJY,) 9 '. 

By the tensor product above we understand an objectwise tensor product of right Q modules. The second quasi¬ 
isomorphism uses the formality of CA(S 1 ) A *). Notice that all the terms in this zigzag starting from the third one 
have the trivial £1 action. Notice also that all the quasi-isomorphisms are functorial in Y, except the last one, which 


"This simple argument was provided to us by G. Arone. 
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uses a choice of a quasi-isomorphism fl, Y, —> C, Y, . On the other hand, any morphism of complexes (in our case 
C*7* —> C*Z„) is formal (i.e., is quasi-isomorphic to the induced map H,Y —» fl,Z). This proves the formality of 
the induced map of Q modules. 

□ 


Remark 4.5. It follows from ( fT9l > that for any suspension £T„, the right Q module C, ((EF*) A *) has the trivial Q 
action in homology. 


This property is in fact the second of the two reasons for the Hodge splitting. (The first one is the formality.) 

Indeed, as a consequence, the Q-module fl, ((XT*) A *) splits into a direct sum of O-modules: 

(20) cr C, ((E7») A ‘) - H. ((LT*) A *) - 0 H t (ZY*f m , 

m> 0 

where H*CLY*)® m denotes the Q-module which is fl,(Y.Y,f m in arity m and 0 in all others. Thus we get 

(21) HH ZY ’(L«) a Y\ ^(hRmodn (fl,(I.Y,f m , crL »)). 

m> 0 

As a corollary we see that the functor ////' ] (L,) factors through the reduced homology functor II ,: Top, — * 
gVect when restricted on I,(Topf). The splitting by m in ( 12 1 1 ) is exactly the Hodge splitting. 

Now we want to make more explicit the right-hand side of (|2T1 >. Recall that the right O-module is the same as 

the right Com + -module. Applying the Koszul duality between the Lie and Com + operads, the cofibrant replace¬ 
ment of H»(ST,)® m as a right Com+-module is fl, (E Y, f"' o coLiefl} o Com + , where o is the composition product 
of symmetric sequences; coLie is the Lie cooperad; (1) denotes operadic suspension HI 11 [2l f3TTl . The differential 
in it is obtained by taking off one cobracket from the coLiefl} factor and by making it act from the left on the 
Com + part as a product xi • X 2 , see (21 Section 5], For a general right Com + -module M, there is another term of 
the differential on its cofibrant replacement Mo coLiefl} o Com+, which takes off one cobracket from the coLiejl} 
part and makes it act from the right on M also as a product xi • xo. But in our case this action is trivial, so only the 
first part of the differential is present. The product over m > 0 of the complexes below computes 111 l 1Y ‘(L,): 


(22) Rmodcom, (ftffLf” ° coLiefl) o Com + , crL,) = (Horn (HJYY,f m o coLiefl },crL t ),d) = 


Horn 


H*(Y*f 


HI © ( Lie(fl ) 0 ... 0 Lie(^ m ) ( 


f,x-x tn 


(sign <8> crL t 0) 




which assuming the finiteness condition on the homology of Y„ can also be written as 


(23) 


H*(Y«f 


n ® ( ue ^i) ® ■ ®Lie(C)® fl x...x tm (sign ® cr [f],d 


Here sign denotes the sign representation of 8/>; the reduced cohomology of Y t is viewed as a negatively graded 
vector space. The differential in this complex is the sum of simultaneous insertions of [xi, X 2 ] in one of the inputs 
of Lie(()) for some i, and right action by X| • xo on the corresponding input of cr L,,(£). Beware that if we replace 
crL*{() by NL,(t) additional summands in the differential appear due to the last two terms in ( 1 1 2M 1 6L 


Remark 4.6. In case Y t is of finite type, and L, = M ® C®*, the obtained complex computing II ll 1Y '(C, M ) is 

( 24 ) (H*(y.)®^(C)), 

where the cohomology H*(Y t ) is non-positively graded; XXC) is the Harrison complex of C. The symmetric power 
and tensor products are the completed ones. The differential 


d — djM + r/c + d, 


where dM and dc are induced by the differential on M and -C(C), and 6(m ® x) = in' ® [ m”, xj. The part 6 in the 
differential appears due to the last two summands in dlAl i-dTht] 1 j 

Remark 4.7. For Y, = V„.S' (I and any L, , the obtained complex is identical to gr Cll f ,s (L„) considered in 
Section [2 In case L, = M ® C®* it follows from Proposition 11.31 and Remark 14.61 For a general L, one can 
construct this isomorphism analogously. The idea is that elements of Lie(f)) in (1231 ) should be viewed as linear 
combinations of permutations in S^, which tells us in which order the elements should be put on the corresponding 
circle. 


! To recall C is simply connected. If C is not simply connected, the Harrison complex X(C) should be replaced by the completed Harrison 


complex £(C). 
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4.2. Hodge filtration. Proof of Theorem[3] We define a functorial filtration on the space of homotopy maps of 
right 12-modules, which induces the desired filtration on HH X, {L ») functorial in X. and L, . For a right 12-module 
K define its m-th truncation tr m K as 


trJKm = 


[W), 

l 0 ’ 


£ < m; 
£ > m. 


This symmetric sequence has an obvious O-module structure, such that the projection K —» tr m K is an O-modules 
map. This morphism for any O-module L induces a map of complexes 


hRmodn(fr m /T, L) —> hRmodn(A', L). 


Its image in homology is what we call the m-th term of the Hodge filtration in H (hRmodofW, L)). 

For K = C* ((IT») A *) =* ff*(IT*)®*, the cofiltration tr. splits. For any pointed map of suspensions ST* —» IZ», 
the induced map 

grHH* z '(L,) -» grHH 1Y '(U) 

can be recovered from the map of the layers of tr. (and thus from the map in homology //. I K, — > //,IZ,) by the 
spectral sequence argument. 


4.3. Hodge filtration versus cardinality cofiltration. Denote by C < H x '{L t ) the higher Hochschild complex 

CH X -(L,) := hRmodn (<?* (x A *), crU) ■ 

The Hodge filtration 

F 0 C ( H X '(L,) -» F x C<H x '(L«) -> F 2 CH x, (L.) 

should not be confused with the more widely used cardinality or rank cofiltration (depending on the context it can 
also be called Goodwillie-Weiss tower) EHDSIS): 

T()C'H x ‘{L t ) <- T t CH x -(U) <- T 2 C'H x ' ( L t )«-.... 


We have seen in the previous subsection that 

F m C'H X ‘(L t ) =* hRmodn (i tr m C , (x A ‘) , crL,) . 

Proposition 4.8. The n-th term of the cardinality cofiltration is 

T m G'H x '(L f) *. hRmodn (C, (z A *) , tr m crL,) . 

Proof. Denote by T m and Q,„ the full subcategories of I , respectively 12, consisting of objects of cardinal < m + 1, 
respectively < m. One has obvious restriction functors 

(-)|< m : mod-F —> mod-F m ; (—)|< m : mod-12 —> mod-12,,,. 


By definition 

(25) T m C < H x ’fLf) - hRmodp,,, (C, (z;) |< m , L ,|< m ). 


The cross-effect functor 

cr: mod-T,,, —> mod- 12 „, 

defined by (IT3l) is also an equivalence in the truncated case. 

For a right 12„, module K. denote by triv m (K ) the 12 module extended trivially on sets of cardinal > m: 


triv m (K)(e) = 



£ < m\ 
£ > m. 


One has a Quillen adjunction 


(—)|< m : mod -12 ~g± mod-Q,„: triv m . 

Notice that triv m o (-)<,„ = tr m . As a consequence we get 

T m C'H X "(L») - hRmodp (C. (z A *) |< m , crL. |< m ) ^ hRmodn (c, (x A *), tr m crL^j . 


□ 
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Finally, let us compare the T m and F m terms in case of a suspension to make sure that they are different. 


F m CH 1Y ‘(L t ) = P| hRmodo (h*(ZY*)®\ cr L r j = n n Horn . ((H t (YY,f O coLiej 1 crL,(j)), d 


i=0 

+CO 


i =0 j=i 
m m 


T m CH- Y -(L,) = P| hRmodo (ujYY t f, tr m cr L.) = nn Horn . (mZY t r O coLiej 1})(/), crL t {j)), d 


i= 0 i=0 V, j=i 

One can see that the terms F,„ and T m are not the same. 


Remark 4.9. The cardinality cofiltration induces a decreasing filtration in CH“ F *(L*): we define F'"CH IK *(L 4 ) 

y y yy yy 

as the kernel of the projection p m : CH (L*) —> T m CH~ ’(L t ). Notice that p m restricted on F m CH ’(Lf) is 
still surjective. As a consequence, one has that the Hodge filtration in the Hochschild-Pirashvili homology on a 
suspension is dense in the topology induced by this decreasing filtration. 


Remark 4.10. The cardinality cofiltration in the higher Hochschild homology on suspensions, contrary to the 
Hodge filtration, does not split in general. 


5. Coformality of C* ((E7*) a *). Proof of Theorem [4] 


We need to recall some theory of right modules over Com + IfTTl . As we briefly explained in Subsection l4.ll a 
functorial cofibrant replacement of a right O-module or equivalently a right Com + -module Mis Mo coLiej 1} ° 
Com+. The sequence M o coLiej 1} is the Koszul dual of M. Notice that it is naturally a right coLiej l}-comodule. 
Given any other right coLiej l}-comodule N , one can get a Com + -module N ° Com + fj It is easy to see that 
N o Com + is quasi-isomorphic to M (as a Com + -module) if and only if N is quasi-isomorphic to M o coLiej 1} (as 
a coLiej l}-comodule). If this happens we say that A is a Koszul dual of M and M is a Koszul dual of N. 

This is part of a general homotopy theory of right modules IfTTl . For any right module M over any doubly 
reduced operad O in chain complexes ((9(0) = 0, (9(1) = Q), the bar construction B(M, O, I) is a right comodule 
over the cooperad B(I, O, I). By I we mean the unit object in symmetric sequences 


m = 


Q, k= 1; 
0, k+ 1. 


In our case the operad O = Com + is Koszul and the bar complexes can be replaced by equivalent Koszul com¬ 
plexes IfTTl . 

It was shown by JTJ Lemma 11.4], that for any pointed space X t , the Koszul dual of CJX Y ') is C*(X*'/ A*A„), 
where by A"X, we understand the fat diagonal in X* n . On homology the coLiej 1} coaction 


o H : H t (Xi' n /A n X t ) H t -\{X^ n ~ l /A n ~ l XY) <g> coLiej 1 }(2) 


is induced by the connecting homomorphisms d : H t (X Yn , A"A*) —> 
for the triples 


(X':\ A"A„, Aj}At), 


//, i (A" A». ALA.) of the long exact sequence 


where ALA, is the union of all diagonals except one: x = Xj. (One obviously has A"A»/ALAt = Aj)" '/A" 'A*.) 


Definition 5.1. We say that a right Com. t -module is coformal if its Koszul dual coLiej 1 }-comodule is formal. A 
map of right Com +-modules is said coformal if the induced morphism of their Koszul duals is formal. 


Proposition 5.2. For any pointed suspension ST*, the right Com ^-module C» ((2T») A *) is coformal. For any 
pointed map of suspensions f: ET» —» EZ*, the induced map of Com + -modules /*: C, ((ETt) A *) — > C, ((XZt) A *) 
is coformal. 

Proof. According to Protiosition l4.4l both Com + -modules C» ((E7») A *) and C, ((EZ») A *) are formal. Their Koszul 
duals are flJ'LY. f' o coLiej 1 } and /?*(EZ,)®* o coLiej 1 }, see Subsection 14. 11 which are formal and cofree. On 
the other hand it is easy to see that any map between right coLiej l}-comodules whose homology is cofree, is 
formal. □ 


Corollary 1. One has a natural isomorphism of right coLiej 1 }-comodules 
(26) H, ((ETt) A */A*T,) — >H,(X7,) 0 * o coLiejl], 

functorial over the category IXTop*). 


^The differential in N o Com+ is the sum of two terms: the first one being induced by the differential on N, the second splits off one 
cobracket from N and makes it act from the left as a product on Com + . 
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One simply needs to apply the Koszul duality functor to the zigzag ( fT~9l > and then take the homology. At the 
starting point we get the left-hand side of (l26l > and at the end we get the right-hand side. Notice that this corollary 
describes the rational homology of certain configuration spaces of points in suspensions. 

Now notice that the sequences and //., ((Zy,) A VA*Ey») are naturally left modules over the commu¬ 

tative operad Com. Indeed, the first one is freely generated by its arity one component /l i Ci.Y,f A , while the left 
Com-module structure on the second one is induced by the maps 

((zy,) A '7A”'zy«) a ((zr„) A 7A"iy,) —> (c ZY a ,) Am+n /A m+n i,Y t ) 

(More generally if a right Com + -module has a compatible left action by another operad O, then its Koszul dual 
also naturally is a left (9-module.) 

Proposition 5.3. The isomorphism (1261) respects the left Com action. 

Proof. It is enough to check that each map in the zigzag (fl9l ) respects the left Com action. □ 

5.1. Complexes CH“ y *(L„). Proof of Theorem [4] We define complexes CH sy *(L«) as follows 
(27) Rmod C om + (h* ((Ey„) A */A*IF„) o Com + , crL«) =* 

' 

\~[ Horn „ (H, ((Zy.) A 7A"Zy.) , cr L t (n )), d Y , + d u , 

Kll> 0 J 

where c//,, is the part of the differential induced by the differential in L», and cl Y , is induced by the 
differential in //* ((E7») A */A*21 / ,) o Com+, which is the Koszul dual Com+-module to the CoLiej 11- 
comodule H* ((Zy*) A 7A*Zy*). Explicitly, if / e Horn n (h* ((ZY*) An /A n T,Yf) ,crL*(ri)), one has dyj e 
Horn „ +1 (//, ((Zy«) A " + VA" +1 Zy,), crLfn + 1)) is defined as follows 

(d Y J)(y{x\ ... x„+i)) = ^ f(y,j(x\ ■ ■ ■ x H ... x „)) o H ( Xj ■ xf), 

1 <i<j<n 

where y,j is computed from the formula °i~.j(y) = Jij® [x,, x ; ] v of the coLiej 1) coaction. 

Now we check that CH f ] (L,) satisfies the properties from Theorem|4] Firstly, CH f f L, ): Top7 —> dgVect is 
a well defined functor: a pointed map Ek* —» ZZ* induces a map of coLiej l)-comodules 

H.(0:y,) A 7A*zy») -> Hd(zz«) A '/A , i.z t ). 

It computes the Hochschild-Pirashvili homology functor by the coformality property, see Proposition [572] Using 
isomorphism (l26t we can define the m-th truncation of II, ((Zy») A */A*Zy,) as the cofree part cogenerated by 
Er.(Zy,)®', i < m. In the Hochschild homology this obviously corresponds to the Hodge filtration defined in 
Subsec tion !4. 21 The map of graded quotients is determined by the morphism in homology f : fl.CLY) —> // (ZZ) 
due to Corollary [T]and Proposition l5.3l (see also next section, where this is shown more explicitly). The splitting 
of the Hodge filtration over ZffopJ has been shown in the previous section. 

Now let us check that the complexes CH V " S (L,) coincide with CII J " S ' (L. ) defined in Section[3] To see this 
one needs to identify cr L*(») with NL,(») by means of the isomorphism ( 1 1 9k For simplicity let us start with the 
case n = 1. One has (S l ) Ak /A k S 1 = V k] S k . Thus, 

+ 00 

!~[ Horn t (fi t ((5 1 ) Ak /A k S l ),NL t (kj) = NL t (k)[k] = Tot U ° ( S ').. 

k> 0 k= 0 

One can check that the differentials agree. In case of arbitrary n, one has ( W n S /A k (V„S l ) = V k,+...+k n =k V*i S k , 
and one similarly gets 

+oo 

[ Horn t (H.((v n S 1 ) / */A k (y„S 1 )),NL.(kj) = ]~[ [] NL t (k)[k] = Tot(L, o (V„S ! ).... .), 

k> 0 k=0 ki+...+k n =k ' „ 

For the last identity, see equation ( 1111 . 

Remark 5.4. The monoid End(/•),) describes the homotopy classes of poined self-maps V„.S" 1 —> V ( ,.S’ 1 and thus 
acts on the coLiejl}-comodule H * ((V,,^ 1 ) A */A*(V„5 ')). One can check that the induced action on CH v " sl (L») 
coincides with the one on CH W,,S ' (L„) described explicitly in Section [3] 
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6. Determining the map of Hochschild-Pirashvili homology from the rational homotopy type of a map 

It is clear from the definition that the rational homology type of a space determines the rational higher 
Hochschild homology. In other words, if X, —» W, is a rational homology equivalence then the induced map 
HH w fL t ) —> HH x *(L t ) is an isomorphism. Similarly, the rational homology type of any map X, —> W, deter¬ 
mines the map in rational Hochschild-Pirashvili homology. In particular, the rational homotopy type of a map 
must determine the higher Hochschild homology map. (In fact for suspensions the rational homology and rational 
homotopy equivalences are the same.) In this section we compute how exactly the map of suspensions induces 
the map of Hochschild complexes. For simplicity we will be assuming that the homology groups of the spaces 
that we consider are of finite type. Many of the results hold without this restriction, but require more technical 
work involving careful colimit arguments. Since the goal is to make it applicable for concrete examples which in 
practice always have this property, we concentrate on this case. 

6.1. Determining the map of Koszul duals from the rational homotopy type of a map. First we need to 
understand how the map of Koszul duals 

H*((XF*) a 7A*XF,) -> tf*((XZ,) A 7A*XZ*). 

is determined by the rational homotopy type of a map / : X F* —> XZ*. Any such map produces a commutative 
square of right coLie{l)-comodules: 

(28) H, ((XF*) A 7A*F,) —tf*(XF*)®* o coLiefl) 


H , ((XZ„) A 7A*Z„) — //,(XZ*)®* O coLie(l) 

The horizontal arrows are the isomorphisms from Corollary[T] We are interested in the right vertical map. (Notice 
that since / is arbitrary and not necessarily a suspension, this right vertical map is not determined by the induced 
map in homology /*: //* (XF*) —> H (Y.Z,).) According to Proposition 15.31 the horizontal maps respect the left 
Com action. It is quite obvious that the left vertical map does so as well. As a consequence, the right vertical map 
also respects this action. Its source is freely generated as a left Corn-module by II ,(X F* f 1 ocoLie{ 1}, and its target 
is cofreely cogenerated as a coLiefl) right comodule by /5*(XZ*)®*. As a consequence this map is determined by 
a map of symmetric sequences 

//.(XF*)® 1 o coLiejl} —» H*(XZ*)®‘, 

or equivalently by a map 

(29) H,(Y t ) -> FreeLie (f?*Z,), 

where FreeLie (/7*Z,) denotes the free completed Lie algebra generated by H*Z ». 

The rational homotopy of a simply connected suspension is a free Lie algebra generated by its reduced homol¬ 
ogy. We claim that in the simply connected case the map obtained in (l29l > describes exactly the map (of generators) 
of rational homotopy. More generally, when the suspensions are not necessarily simply connected, one can still 
assign a morphism ( l29l ) to the rational homotopy type of a map /: XF* —» XZ*. By Lemma l4~2l any suspension is 
rationally formal. Thus the induced map of their Sullivan’s models 

Azz, > Azy, 

is quasi-isomorphic to a map of dg algebras 

(30) m. (£ c (frxz,)) _»/rxF», 

where the left-hand side is the cofibrant replacement of //’XZ, obtained as the Chevalley-Eilenberg complex 
JU-) of the Harrison complex JZ(-) of the (non-unital) algebra H*XZ*. Notice that JZiHZZ,) is the cofree Lie 
coalgebra cogenerated by H*Z , (with zero differential). Its dual vector space is exactly [•i'eeLie(/7 t Z i ). The map 
of algebras (l30l) is determined by its restriction on the space of generators 

(31) £7tf*XZ«) -> /7*XF*. 

Proposition 6.1. For any map f: XF* —> XZ* of pointed suspensions of finite type, the map (131b encoding the 
rational homotopy type of f is dual to the map (129b encoding the homotopy type of the induced map of right Com + 
modules 

(32) C* ((XF*) a *) -> C* ((XZ*) A *) . 
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Proof. Arguing as in the proof of Lemma |4~T1 the map of right Com + modules (l32l > is equivalent to the map 

(33) (FhZY t f' -» , 

where 3\(-) denotes the augmented part of J?l(—); “ v ” denotes taking the dual of a graded vector space. The 
map (l33l > in each arity is the dual of a tensor power of (l30l >. The right-hand side of ( 1331 can also be expressed 

as ^C(FreeLie(/7„Z*)) j , where C(-) denotes the completed augmented Chevalley-Eilenberg complex (of a com¬ 
pleted Lie algebra FreeLie(/7*Z*)); “<8” denotes the completed tensor product. 

One has a zigzag of right Com + -modules 

(//„XT,f -»(C(FreeLie(LLZ,))) 0 * 

where the right arrow is an equivalence. We get a zigzag of their Koszul duals: 

(34) (//.XT,)®* o coLiejl) -> (C(FreeLie(/LZ*))f o coLiejl}*— (/7»XZ*f o coLiejl}, 

We claim that the right arrow has a natural left inverse. In order to construct this left inverse 

^C(FreeLie(77»Z«))j o coLie{ 1}—K/7*XZ„)®* o coLiejl} 
it is enough to define a map of their (co)generators 

^(FreeLie(H»Z,)))* ocoLie{l} —> (tf t XZ»f. 

In arity n the latter map of symmetric sequences is defined as the following composition 

C(FreeLie(ff«Z*)) 0 coLie{l}(n) —> FreeLie(/7*Z*)[-l] ®coLiejl}(n) —> 

Lie(n) ® „ (HXZ,f n ® coLie(rc) -»(//«XZ»)®". 

The first map is induced by the projection on cogenerators C(FreeLie(/7.Z*)) — > FreeLie(/7,Z t )[- 1 ]. The second 
map is obtained by projecting Free Li e(77,Z,) onto its subspace spanned by brackets of length n. The last map 
takes into account the duality between the spaces Lie(n) and coLie(n): 

L®h\ <8 . .. ® h„ ® l! ^ ( crL , L')li cri ® ... <8 h fTri . 

ae „ 

To finish the proof we notice that the composite of the first arrow in (l34l > and the constructed inverse is the map 

(7/*IT„)®* o coLie{ 1} ^ (H„ZZ,f o coLiefl) 

(co)generated by the map dual do (I3H . □ 

6.2. Determining map of Hochschild-Pirashvili homology. In this subsection we describe how the map 

(35) -» FreeLi e(H t Z) 

encoding the rational homotopy type of /: XT) —> XZ,, determines the map of higher Hochschild complexes 
CH ( ~7-) (in fact we will work with ^rCFf ’(-) instead). For simplicity we will be assuming that Y, and Z, are 
of finite type and we will only look at the case L„ — M 8 C(g)®*, where g is strictly positively graded. Thus we 
need to describe the induced map 

(36) M®S (i H*ZM) -> M®S (77*T«<8g). 

Firstly, this map is the tensor product of the identity on the first factor M and a coalgebra homomorphism on the 
second one. Ergo, it’s enough to describe its composition with the projection to the space of cogenerators 

(37) S ( H*ZM ) -4 H*YM- 

The map (j35j is a product of maps 

(38) H*Y -> Lie(n) ® „ (H,Z,f n . 

its /z-th component < 13 8 b can be viewed as an element p n e H*Y*®L\e(n) ® n (// S Z)®". This element p„ contributes 
only to 

S" [H*Z t ® g) -» H*Y„ ® g. 
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in dm The element p„ is a sum of elements of the form 

h° ® L ® hi ® ... ® h n e H*Y„ ® Lie(n) ® „ (H,Zf n . 
Each such summand contributes to < [39t as a map sending 

{h l ®g l )-...-(h n ®g n )&s n (//‘z«® a ) 

to 


2 ± f]^,,/^) 


(T€ ,, 1=1 


h° ® L(g (ri ,..., g cr J e H*Y*®Q, 


where the sign is as usual the Koszul one induced by permutation of elements. 

In the examples below we will be omiting the hat sign over the tensor product as the induced map (l36l > can 
always be restricted on the non-completed part M ® 5 (/T(-) ® g) (where the symmetric power is also taken in the 
non-completed sense.) 

Example 6.2. Consider the map S l —> S 1 V S 1 which sends the generator x of tt i .S ’ 1 to the product y 1 V 2 of 
generators of n\ (S 1 V .S ' 1 j. The map (l35l > becomes 

xQ —» FreeLie(yi,y 2 ). 

that encodes the map of the primitive part of the Malcev completions na (all generators x, y i, are of degree 
zero). The image of x is described by the Baker-Campbell-Hausdorff formula 

x ln(e yi • e V2 ). 

The map (l36l) becomes 

M ® 5(g) ® S (g) — * M ® S (g) 

which sends 

w ® A ® B i—> w ® A * B, 

where ★ is the associative (star) product on S (g) transported from 'Uc\ via the Poincare-Birkhoff-Witt isomorphism. 

Example 6.3. Consider the map S 2 —» S 1 V S 2 corresponding to the element x ■ y e 7 ^( 5 1 V .S’ 2 ), where x is the 
generator of n\S 1 and y is the generator of 7^5 2 . The map (l35l > in our case is 


where |x| = 0, |y| = 1, 
The induced map (l36l) is 
sending 


yQ —» FreeFie(x,y), 


y i > e ad '(y). 


M® 5(g)® 5(g[l]) -> M®5(g[l]), 

m ® gi • • • • ■ gk ® • ■ • • ‘ s~ l g' k , h * m ® ^ ad gtri . ■ ■ ad^is” 1 g\ •... • s~ l g' k ,). 


Example 6.4. Consider the Hopf map 5 3 —» 5 2 . On the level of rational homotopy we get a map 


where |x| = 1, |y| = 2, and 


yQ —> FreeFie(x), 


y x,x ]. 


The induced map of higher Hochschild complexes 

M ® 5(g[l]) —> M® 5(g[2]) 

sends 

m®s~ l g\ • ... • s~ l g lk -\ o, 


m® s l gi ■... • s l g 2 k m ( 




2k 
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7. Hochschild-Pirashvili homology for non-suspensions 

Some of the techniques given in the present paper can also be applied to study the higher Hochschild homology 
for non-suspensions and maps between them. This section is a short note on how this works in the special case 
when L» = M®C(g)®*, where g as usual is a strictly positively graded dg Lie algebra, and the spaces are connected 
and of finite type. 

Theorem 5. Assuming a pointed space X* is connected and of finite type, let A be an augmented non-positively 
graded augmented commutative dg algebra of finite type quasi-isomorphic to the Sullivan algebra Ax,, and A be 
its augmentation ideally Then the Hochschild-Pirashvili homology HH x (C(fi), M) is computed by the complex 
M®C(A®g), where C(A®g) is the completed (with respect to the total homological degree of elements from g) 
Chevalley-Eilenberg complex of the completed Lie algebra A®g. The differential has the form 

(40) d — d m + d^ + d ,4 + dcE d, 

where dM, d a , 6 are as those from 0 , d A is induced by the differential in A, dcE is the Chevalley-Eilenberg 
differential. 

Proof This complex is constructed in the same way as the higher Hochschild complexes for suspensions, see 
Subsection 14. II The extra term dcE in the differential appears due to the fact that the Com+ action on (A v )®* is 
now non-trivial. □ 

The result of this theorem is partially known to experts. It appeared explicitly for spheres and surfaces re¬ 
spectively in Ifl4l Theorem 3] and [15, Theorem 4.3.3], see also (3) for a similar implicit statement in case X is 
a manifold. Notice also that in case M = C(g) (i.e., when considering unpointed version of higher Hochschild 
homology) the obtained higher Hochschild complex is the completed Chevalley-Eilenberg complex C(A®g). As 
application of this example, in case the dimension of X is less than the connectivity of Y, the space Y x of con¬ 
tinuous maps Y —> X has homology with any coefficients described as H,(Y X ) - HH X (C,(Y‘)), see l26l[28l . On 
the other hand, the rational homotopy type of Y x is described by the dg Lie algebra A®L, where A is a suitable 
Sullivan model for X and L is a suitabe Quillen model for Y, see 0013. From this we also recover that C(A®L), 
i.e., our complex, computes the rational homology of Y x . 

Remark 7.1. One can easily see that the with term of the Hodge filtration in M®C(A®g) = n2o M®S\A [—1 ]®g) 
is E„,M®C(A®g) = n”oM®S''(A[-l]®g). 

Theorem [5] applied to a suspension 'EY, of a finite type is exactly the statement of Remark [4.61 Indeed, since 
'EY* is formal one can take A = HEY, the cohomology algebra, whose product is trivial, and thus the Chevalley- 
Eilenberg part of the differential is trivial dcE = 0. The rational homotopy type of a map of suspensions of finite 
type /: 2T* —>: XZ» is encoded by a map ( OH . which is essentially the same as a Conioo map of commutative 
algebras _/£,: IIEZ, —> HEY,. In Subsec tion l6.2l we show how this map determines a map of higher Hochschild 
complexes 

M®C(H*EZM) -> M®C(//*ET»®g), 

which is the identity on the first factor M and a completed coalgebras map on the second factor. The latter map 
can be regarded as a completed morphism 

//*£Z*®g —> //*£F*®g. 

of (completed) abelian Lie algebras. 

More generally, a tensor product with a dg Lie algebra is in fact a functor from Com^ algebras to L, y , algebras. 
We will need a completed version of this construction. Let A be a negatively graded Como,, algebra of finite type 
encoding the rational homotopy type of a connected pointed space X „, and let g be a positively graded dg Lie 
algebra. The completed Leo algebra structure on A®g is explicitly described by the structure maps p„ defined as 
composition 

(41) p n : S"(A[-l]®g) -> FreeLie c (A[-l])®FreeLie(g) -> A®g, 

where FreeLie c (A[-l]) is the free Lie coalgebra cogenerated by A[-l] (in other words, it is the Harrison complex 
_£ C (A)). The first map is induced by the diagonal Com(n) — > coLie(n) ® Lie(«). The second map is the Coma, 
structure on the first factor and the Lie structure on the second. If B —> A is a Coma, morphism encoding the 
rational homotopy type of a pointed map X * -a F«, then the induced completed La, map B® g —> A®g is described 
by essentially the same formulas as (OTT >. Its n-th component is the composition 

(42) F n : 5"(R[-l]®g) -» FreeLie f (B[-l])®FreeLie(g) -> A[-l]®g, 

n 

In our conventions all the complexes have differential of degree -1, for which reason the algebras we consider are non-positively graded. 
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where the first map is the same as the fist one in (ITO . The second map is the tensor product of the Com M map 
B —* A and the Lie algebra structure map on g. In Subsection 16. 2l the corresponding L a , map is explained in full 
detail for the case of suspensions A = H*YkY t , B = H*YjZ t . 

Remark 7.2. For a Contco algebra A (non-positively graded and of finite type) consider its dual Comoo coalgebra 
A v . Then the L m algebra A®g considered above is the L m algebra of derivations of the zero map of Lie algebras 
£(A V ) -> 8 . 


Theorem 6. Let A be a non-positively graded Com,*, algebra of finite type encoding the rational homotopy type 
of a pointed space X„, then the Hochschild-Pirashvili homology HH x '(C(f), M) is computed by the complex 
M®C(A ® g), where C(A ® g) is the completed Chevalley-Eilenberg complex of the completed algebra A®g. 
The differential has the form If B —> A is a Comoo morphism (of non-positively graded Com,*, algebras 

of finite type) encoding the rational homotopy type of a pointed map X » —» Y„ then the induced map in the 
Hochschild-Pirashvili homology 

HH y ’(C(q), M) -> HH x fC(cfi,M) 


is computed by the chain map 


M®C(B ® g) -» M®C(A ® g), 


which is identity on the first factor M and a completed coalgebra map corresponding to the induced completed 
Loo algebras map fi®g —> A®g. 


Proof. First we check that the statement of the theorem holds when B —> A is a dg commutative algebras map, 
which is an easy refinement of Theorem[5] On the other hand hand any Com ro algebra (and any Comoo morphism) 
is quasi-isomorphic to a dg commutative algebra (map of dg commutative algebras). This together with the fact 
that a Coma, quasi-isomorphism A i —> A2 induces an Loo quasi-isomorphism A i®g —> A2®g proves the staement 
of the theorem. □ 


The above theorem has the following corollary. 

Proposition 7.3. For a pointed connected space X, of finite type, the Hodge filtration in the higher Hochschild 
complexes splits for any coefficient T module L* if and only ifX„ is rationally homology equivalent to a suspension. 

Proof. In one direction the statement easily follows from the fact that a rational homology equivalence of spaces 
induces a quasi-isomorphism of higher Hochschild complexes. Now let X » be not equivalent to a suspension. It 
is well known that any Com,*, algebra is Como,, quasi-isomorphic to a one with zero differential f22l Theorem 
10.4.5]. Let A be such one encoding the rational homotopy type of X *. Since we assume X t is not rationally a 
suspension, A must have non-trivial (higher) product(s). Let k be the arity of the first non-trivial product. We 
choose L, = M ® C(g)®*, where M = Q is the comodule with the trivial coaction, and g is a free Lie algebra 
with k generators. By construction A®g is an L 0C! algebra with zero differential and whose first non-trivial (higher) 
bracket has arity k. Applying Remark[7J]we get that the (k - l)th differential in the spectral sequence associated 
with the Hodge filtration in M®C(A ® g) is non-zero. Therefore the filtration does not split. □ 

7.1. Hochschild-Pirashvili homology as ’’homotopy base change”. Let us conclude by remarking on a curious 
algebraic interpretation of the Hochschild-Pirashvili homology in the form described in Theorem [2 First, recall 
that to any dg commutative algebra A we may associate a functor 

0,4 : (Lie algebras) —» (Lie algebras) 

by sending a dg Lie algebra g to the tensor product 0,4 (g) := g ® A, with the Lie algebra structure A-linearly 
extended in the obvious manner. We may call this functor 0,4 ’’base change”, even though this is a misnomer as 
we do not change the underlying ground ring. Similarly, if g is a dg Lie algebra and K is an A-module, we may 
define a functor 

'Ya.k : (g - modules) —> (O^g) - modules) 

by sending a g-module f to the 0 , 4 (g)-module ML./ffl) := f ® K, with the module structure defined in the obvious 
manner. We also call the functor V P a,k ’’base change”, with the same caveat as above that this is a misnomer. 
There is also a topological variant: If the Lie algebra g carries in addition a complete topology compatible with 
the Lie algebra structure, then dyTg) := g®A is likewise equipped with a natural complete filtration. Similarly, 
if f is equipped with a complete filtration and the action of A is continuous, then ML.A'd) := f ®K is a complete 
(continuous) <I>, 4 (g)-module. 

Now it is well known l22l chapter 11.3] that there is an adjunction of categories 

X : (conilpotent coaugmented dg cocommutative coalgebras) (dg Lie algebras) : C 
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given by the bar and cobar functors (i.e., the Harrison and Chevalley complex functors), such that for any conilpo- 
tent dg coalgebra C the unit of the adjunction C —» C(-C(C)) is a quasi-isomorphism, and such that for any dg 
Lie algebra g the counit of the adjunction Ji( C(g)) —> g is a quasi-isomorphism. Concretely, the functor X takes 
the Harrison complex (a free Lie algebra) of the cokernel of the coaugmentation, while the functor C takes the 
Chevalley complex. Similar functors exist on the the level of comodules. If C is a conilpotent dg cocommutative 
coalgebra then we have bar and cobar functors 

-Cmod : (conilpotent C-comodules) —» (JiiC) - modules) 

(conilpotent C(X(C))-comodules) <— (JiiC) - modules) : C mo d- 

Concretely, Ji mo d(M ) = Harr (C;M) is the Harrison complex with values in the module M, i.e., a free X(C)-module 
generated by M if we disregard the differential. Similarly, C mo d(A0 = C(X(C); N ) is the Chevalley complex with 
values in N, i.e., a cofree C(X(C))-comodule cogenerated by N with a natural differential. 

There exist versions of the above constructions for complete topological algebras and modules, by replacing 
tensor products appearing there by a completed version. We denote those completed versions by X, C etc. 

The above adjunctions allow us to transport any endofunctor of the category of dg Lie algebras to an endo- 
functor of the category of conilpotent dg cocommutative coalgebras (and vice versa). The point of this section is 
to remark that the Hochschild-Pirashvili homology functor is nothing but the (homology of the) well known base 
change functors above, transported to the category of conilpotent coalgebras via the bar and cobar adjunctions. 
This gives an algebraically ’’very simple” interpretation of the Hochschild-Pirashvili homology. Concretely, let us 
assume that we are given the following data: 

• A conilpotent complete cocommutative dg coalgebra C, for example C = C(g), for a dg Lie algebra g as 
in Theorem [2 which we endow with the complete the decreasing filtration by degree. 

• A a conilpotent complete C-comodule M. 

• An augmented dg commutative algebra A. For example, we may take such an A from Theorem[5] We will 
still denote by A its augmentation ideal. 

• We let K — Q be the one-dimensional ,4-module, with the action defined by the augmentation. 

Then we define a complete cocommutative coalgebra 

C A := C(0> A (X(C))) = C(X(C)®A) 

and the complete C A -comodule 

M a := C m0d ('FA,*(X m0 d(M))) = C mod (£ mod (M)®K). 

Clearly, these constructions are functorial in A, C and M. We will abusively call these constructions ’’homotopy 
base change”. The main statement of this section is then that the complex of Theorem[5]computing the Hochschild- 
Pirashvili homology may be interpreted as ’’homotopy base change”. 

Proposition 7.4. For C = C(g) the Chevalley complex of a dg Lie algebra, and A, M as above, the complexes M A 
and the complex (M®C(A®f),d) of Theorem\5\are quasi-isomorphic. 

Proof Explicitly, the complex M A has the form 

C(X(C)®A; Harr(C; M) ® K) 

where C(-; -) denotes the (completed) Chevalley complex with values in the second argument, and Harr(-; -) 
denotes the Harrison complex. Using the augmentation we may now split A = Q ffi A, where A is the kernel of the 
augmentation. Using this splitting we find the identification of graded vector spaces (recall that K = Q) 

(43) C (X(C)®A; Harr(C; M) ® K) = C(X(C)<g>A)®C(X(C); Harr(C; M)). 

Note however, that this identification is not an identification of complexes (yet). The differential on the right-hand 
side is composed of two terms: the differential d\ of the left-hand tensor factor and the differential d 2 of the right- 
hand tensor factor. The differential on the left-hand side of (l43l) on the other hand has an additional term d nuxa i 
from the Chevalley differential, which is obtained by taking the coaction of C(X(C); Harr(C; M)) followed by a 
Lie bracket. Note that this term resembles the term 5 in Theorem 0 Note that we have a quasi-isomorphism of 
C(X(C))-comodules 

M -> C(X(C);Harr(C; M)). 

Hence we obtain a quasi-isomorphism of complexes 

(44) (C(X(C)®A) ® M, d\ + d M + d mixed ) ^ (C(£(C)®A)®C(X(C); Harr(C; M)), d l+ d 2 + d mixed ) = M A , 

where the part of the differential d, mxe d on the left-hand complex is defined as before by taking the coaction on M 
followed by a Lie bracket with a factor of C( Ji(C)®A). 
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Furthermore, since C = C(g) we have a quasi-isomorphism of dg Lie algebras 

UC) -» fl. 

Hence we obtain a quasi-isomorphism 

(45) (C(-C(C)®A)®M, d i + + d m i xe d) —> (C(g®A)®M, J) 

with the complex considered in Theorem[5] By (l44t and (1451) the Proposition is shown. □ 
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